MCV4U - Limits - Graphical

For lim f(z) to exist, f(z) must approach the same value as z approaches a from the left, denoted
r—a

lim f(z),and as z approaches a from the right, denoted lim f(z).
T—a r—a'

More precisely, for lim f(:r:) to exist, the following three conditions must be met:
Tr—a

o lim f(x) must exist,

r—a
o lim f(z) must exist, and
z—at
e lim f(z) = lim f(z).
T—a r—at
Example 1

Left-Hand Limit
The value that f(x) approaches as x moves along the graph from the left side is the left-hand limit.

Consider the graph of f(z) = z2.

To find the left-hand limit of f(x) as x approaches 2, denoted by lim f(z), we begin at a point on the
T2

parabola just left of z = 2.

Let's begin at z = 1.5.
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As we move point A from 1.5, 2.25 towards an z value that is 2, we see that f(x) approaches the value

4. This is denoted by lim f(z) = 4.

r—2"



Right-Hand Limit

The value that f(:r) approaches as x moves along the graph from the right side is the right-hand limit.

To find the right-hand limit of f(x) as x approaches 2, denoted by lim+ f(z), we begin at a point on the
T2

parabola just right of z = 2.

Let's begin at z = 2.5. When z is 2.5, f(z) is 6.25.

T
2.50
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As x moves along the graph from the right side, we see that f(x) approaches the value 4.

Evaluating the Limit From Both Sides

6.25
5.85
5.47
5.11
4.75
4.41
4.08
4.00

In conclusion, we're going to now consider the value that we are approaching from both sides. We have
seen that the limit exists as we approach the value = = 2 for f(x) from the left side and the right side.
The limit exists because we were able to go to a point nearby to & = 2 on the left side and the right side,

and we were able to approach the value when 2 = 2 from both sides.

Also, as & moves along the graph from the left and right sides of 2, we see that f(a:) approaches

the value 4 from both directions.

Therefore, the limit of f(z) from the left side is equal to the limit of f(z) from the right side.

In summary, the following three conditions have been met:

lim f(z) exists and equals 4
z—27

lim f(z) exists and equals 4
z—2"

= hm flz) = lim flz) = 4
T—2" z—2%
Thus, lim f(z) exists and equals 4.
z—2

Since f(z) approaches the value 4 from both directions, lin% Fle) =4
T



Example 2: Limits of Functions Having Discontinuities

Some functions have discontinuities.

z+ 1)z —4)(z—5
Let's consider the rational function f(z) = ( ) ) )

2(z — 5)
This function has a removable discontinuity when z = 5. We know that since it has an equal factor

x — 5 in the numerator and the denominator of this rational function.

Since f is defined for all & # 5, there is a “hole” in the graph at & = 5 because this discontinuity is

removable.

Now, let's consider the left side limit. We can approach the value & = 5 along the curve from the left side.

As x approaches 5 from the left side, the limit of f(..'r:) approaches 3.

lima, f{z) =3 Tu
T—35" 4

T

as x appproaches

5 from the left. 2

(z +1)(z - 4)(z - 5)
2(x - 5)

-2 fz) =

We can also approach x = 5 along the curve from the right side. The limit of f(:::) as x approaches
5 from the right side is also 3.

lim f(z) =3

r—5"

1

as x appproaches
5 from the right

In summary, the following three conditions have been met:

lim f(x) exists and equals 3
T—h"

lim f(x) exists and equals 3
z—5"

o i, ) = i ) =3

5 z—ht

Thus, lim f(z) exists and equals 3.
T—5
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Example 3: Limits of Piecewise Functions ]
A function may also have a jump discontinuity. Let's consider the piecewise function 4
f(z)
3 forz <1 “ ]
f(z) = 2 &
[z—2F 41 forms1 g
that has a jump discontinuity at z = 1. 1
%G5 2 4 12 3 4 5
-1
The limit of f(z) as x approaches 1 from the left side is 3. The limit of f(x) as x approaches 1 from the right side is 2.
lim f(z) =3 L f(2) =2
r—1" z—1t
In summary,

lim f(z) exists and equals 3
r—1

lim f(x) exists and equals 2
z—1"

= hm f(x) # lim+ f(z)
z—1 z—1

Since f(x) does not approach the same value in both directions as « approaches 1, this limit does not

exist.

Example 4: Limits of Rational Functions

The last type of discontinuity that we will look at is a vertical asymptote. Let's consider the rational
1
function f(z) = P which has a vertical asymptote of z = 3. ®ly
m P
5

4

1
flae) = T8 1
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In summary,the limit as = approaches 3 from the left side of f(m) does not exist since as = approaches 3

from the left side, f(2) does not approach a particular value. It approaches, instead, negative infinity.

lim f(z) does not exist
z—3

Also, the limit as = approaches 3 from the right side does not exist since f(z) approaches positive

infinity.

lim f(x) does not exist
23+

SR



Excercises

Solutions available at: https://courseware.cemc.uwaterloo.ca/11/assignments/62/12

1. Given the graph of f(x), evaluate the following expressions involving f(x). y

a. liII_ll f(z)

® e \ /

R -2 0 2 4
z——27 -2

. f(-2)
f }:IE% Flz)

g lim f(z)

r——27

h. lim f(z)

2"

L £(2)

2. Graph the following piecewise function, then evaluate each limit below.
—z+4 ife<3
T) = -
f(=) { x—05 ifz >3
a. lim f(x)

3"

b. lim f(x)

3"

£. il_rg f(z)

3. Sketch the graph of a function that has the following characteristics:

o liml_ f(x) =3
o lim f(z)=1
T——1"

] llné f(:B) =2

o f(3) does not exist



4. Evaluate the following limits, given the graph. ol

o

a. lim f(z) o
b. lim f(x) Wi
3" = !
¢ E]-LI;E f(x) -4 -2 \00 :?
d lim f(z) 3\ !
=27 |
-4 H

e. lim f(z) |
27 -6 !

7 ilig &)

5. Sketch the graph of a function that has the following characteristics:

o lim f(x) = 400

r—3"
o lin}_: flz) = —oc0
o lim f(@) =1
o f(0)=0

6. Consider the piecewise function f(z) defined below, where A is a constant.

[ A%z —4A ifz>2
f@y_{—z if £ < 2

Determine all values of A so that 111:1121 f(z) exists.
T—

7. Consider the following piecewise function f(z), where A and B are constants.

Az + B ife < —2
fley=2 "1 24 B if —2x5<1
4 ifz>1

Determine all values of the constants A and B so that lim2 (x) and lini f(z) both exist.
r—— r—



